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Abstract 



We derive a set of relations among the thermal components of the 3-point 
function and its spectral representations at finite temperature in the real- 
time formalism. We then use these to explicitly calculate the 3-point spectral 
densities for (/>§ theory and relate the result to the case of hot QCD. 
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Typeset using REVTpjX 



I. INTRODUCTION 



Spectral functions are essential and useful in finite temperature field theory because 
a large number of transport coefficients are given directly by them Furthermore, 
studying the spectral functions may help us to understand the quasi-particle structure of 
field theories at finite temperature as well as to identify the microscopic processes underlying 
their dynamics. In this paper we derive expressions for the spectral densities of the 3-point 
Green functions in finite temperature field theories within the Closed Time Path (CTP) 
formalism |Q-^J and evaluate the spectral densities of the 3-point function for 3 theory 
using resummed propagators in the "hard thermal loop" (HTL) approximation P-pll- 

In the imaginary-time formalism (ITF) ||, one obtains the spectral densities from the 
discontinuity of the Green functions across the real energy axis after performing an analytic 
continuation of the imaginary external energy variables to the real axis [Q. Explicit expres- 
sions for the spectral densities for the three gluon ITF vertex in QCD in HTL approximation 
were derived in Ref. [II] . 



In real-time formulations of finite temperature field theory the number of degrees of 
freedom is doubled, leading to a 2 x 2 matrix structure of the single particle propagators. The 
external energies remain real, and the complicated summation over the Masubara frequencies 
followed by analytic continuation is avoided. In Ref. [13] Kobes and Semenoff derived 
Cutkosky rules for calculating the imaginary parts of thermal two-point functions using 
the formalism of Thermo-Field Dynamics (TFD). Spectral representations of the 3-point 
Green functions were derived in fl4[] using the notation of "circled" vertices. Recently these 



cutting rules were reexamined in the CTP formalism in Ref. |I5|)|I6| and given a simple 
physical interpretation in Ref. [|L7] . 

A useful technical simplification for perturbative calculations in real-time finite tempera- 
ture field theory is provided by the decomposition and spectral representation of the 3-point 



vertex given in Ref. |JL8|| . Missing in that paper is an explicit expression of the spectral 
densities in terms of the thermal components of the real-time 3-point vertex function. This 
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hole is filled in by the present paper. 

We then apply these expressions to the 3-point vertex for 3 theory in 6 dimensions. 
We evaluate the corresponding spectral densities explicitly in the 1-loop approximation. It 
is well-known [J2],|9j that field theories with massless degrees of freedom develop at non-zero 
temperature infrared divergences which usually signal dynamical mass generation and in 
many cases can be dealt with by resummation of the "hard thermal loops" §| . In 3 theory 
the situation is even a little more complicated: the effective potential is unbounded from 
below, and in the massless limit the theory doesn't even have a metastable ground state. By 
adding to the Lagrangean a non-zero, positive mass term the theory develops a metastable, 
local minimum at (0) = which, at zero temperature, is perturbatively stable in the limit 
of small 3-point coupling constant g ||10|| . At non-zero temperature, however, the tadpole 



diagram contains a temperature dependent finite, but negative contribution which shifts the 
position ((p) of the metastable vacuum to negative values and reduces the effective boson 



mass |T0[. This effect must be taken into account self-consistently via resummed (massive) 
propagators in order to avoid an expansion around the wrong vacuum. 

We will use the CTP formalism MM throughout this paper in the form given in 



Refs. @|T^|. In this representation of the real-time formalism the single-particle propagator 



in momentum space has the form 



D u D 12 

Dip) =||, (1) 
D 2 i D 22 



where 



i D ll ( P ) = (i D 22 y = iv Hrr^) + + 1) p(p) ' ( 2a ) 

i D i2 (p) = n(po) p(p) , (2b) 

iD 2l {p) = (l + n(po))p(p). (2c) 

Here n(po) is the thermal Bose-Einstein distribution 



and pip) is the two-point spectral density which for free particles is given by 

pip) = 2tt sgn(p ) 5{p 2 - m 2 ) . (4) 

The paper is organized as follows. In Sec. we review some useful general relations 
among the thermal components of the 3-point function and their spectral representations, 
both for the connected and for the truncated vertices. In Sec. |TTl| we evaluate the spectral 
densities for the truncated 3-point vertex in 3 in 1-loop approximation. In Sec. |V| we 
discuss and summarize our results. Some technical details of the calculations and further 
useful relations are given in the Appendix. 



II. SPECTRAL REPRESENTATION OF THE 3-POINT VERTEX 



In this Section we shortly review some useful relations among the different thermal com- 
ponents of the 3-point functions and their spectral representation. Equivalent (although not 

, |1^ , |I9| , |20|| in different notation. 



identical) relations have been reported in the literature 
For simplicity of presentation we consider the 3-point vertex function for 3 theory, see 
Fig. 1. The three incoming external momenta are ki = p, k 2 = q, and k 3 = —p — q. 




Fig. 1: 3-point vertex in cj) 3 theory 
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A. Relations among the thermal components of the real-time vertex 



The thermal components of the connected 3-point vertex function are defined by J71 



r m = 


(T(0i0 2 <i 


*s)>, 


Tll2 — 


(0 3 T(0 1( ; 




"P _ 

1 121 — 


I /Tlr-. / 1 /Tl-i / 

W2 1 \<Pl<t 




= 


(0lT(0 2 <i 




Tl22 = 


(f(hh) 




T212 = 


(f{<t>i<f> 3 ) 


02), 


1^221 = 


(T(0i0 2 ) 


03), 


T222 = 


(T(0i0 2 <; 


*3)>, 



(5a) 
(5b) 
(5c) 
(5d) 
(5e) 
(5f) 

(5g) 
(5h) 



where <\>\ = <p(xi) = <p(xi,ti) etc., and T a b c = T a bc{xi, x 2 , x 3 )). Following Ref. |2T|] we 
defined the process of "tilde conjugation" by reversing the time order in coordinate space: 
time-ordered products become products with anti-chronological ordering, and 9(t) becomes 
9{-t). 

Using the identity 9(t) + 9(—t) = 1 it is straightforward to show that 



£ (-i) a+b+c - 3 r abc = 

a,b,c=l 



(6) 



In momentum space tilde conjugation turns out to be equivalent to complex conjugation 
and, using the KMS condition, one finds |7|,Pm 



filial, h, h) 
fi2i(A;i, k 2 , k 3 ) 
f 2 n (k 1 ,k 2 ,h) 
fii2(fci, k 2 , k 3 ) 



^ui{ki,k 2 ,k 3 ) 
T* l21 (ki,k 2 ,k 3 ) 
r; n (fci, k 2 ,k 3 ) 
Tl 12 (ki,k 2 ,k 3 ) 



T 222 (ki,k 2 ,k 3 ) , 
e^ 2 T 212 (k u k 2 ,k 3 ), 
e^Tu^k^h), 
e^ 3 r 2 2i(^i, k 2 , k 3 ) , 



(7a) 
(7b) 
(7c) 
(7d) 



where fej = (u;j,fcj) and ^1 + ^2 + ^3 = 0. These identities show that at most three of the 
eight thermal components of the real-time vertex function are independent. 



B. Largest and smallest time equations 

If t 3 is the largest time argument, one obtains from flSa|) and (SB) the identities 

#32 #21 Tin = (03020l) = #32 #21 1^112 (8) 



or 

#32#2i(rm-r 112 ) = 0. (9) 

Here #jj = 8(ti — tj). Similarly one derives the more general relations 

#32 #21 (r a fei — r a t 2 ) = o = #31 #12 (r aW — v ab2 ) , (10a) 

#21 #13 (r a lb — ^a2b) = = #23 #31 (T aU — T a2 b) , (10b) 
#13 #32 (^lab — ^2ab) = = # i2 #23 O^lab ~ ^2ab) , (10c) 

where a and b can be either 1 or 2. By tilde conjugation one obtains from these equations 
the following relations: 

#12 #23 (T a bl — r afe2 ) = = #21 #13 (Tabl ~ Tq^) , (H a ) 
#31 #12 (Talb — r a2 fe) = = #13 #32 (T aU — T a2 b) , (11°) 
#23 #31 (^lab — ^2ab) = = #32 #21 (^lab ~ ^2ab) , (He) 

Eqs. ([!(]) and (|Tl|) are the analogues of the "largest time equations" and "smallest time 
equations", respectively, of Ref. Hl3f . They will be used extensively in the derivation of the 
spectral representations of Appendix |A]. Their generalization to arbitrary n-point functions 
is straightforward. 

C. Physical vertex functions 

One can construct the "retarded" , "forward" , and "even" vertex functions from the eight 
components of the 3-point function as [0,0. 
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= r m 


— Tn2 — T2H + 1*212, 


(12a) 




= r m 


— Tn2 — Ti21 + Ti22, 


(12b) 




= r m 


— Ti21 — T2H + T221, 


(12c) 


T f 


= r m 


— Ti21 + T212 — T222, 


(12d) 




= r m 


+ Ti22 — r 2 n — r 2 22> 


(12e) 




= r m 


— Tn2 + T221 — T222, 


(12f) 


T e 


= r m 


+ Tl22 + T212 + T221, 


(12g) 



Inversion of these equations together with Eq. ([]) yields expressions for the thermal compo- 
nents r a ;, c in terms the above "physical" vertex functions; they are given in compact form 
in Ref. @. 

Using Eqs. @ and (0) one can eliminate the "forward" and "even" vertex functions in 
terms of the three retarded vertices. Thus all components of r a b c can be expressed through 



T R , T Ri , and r fio 19,18]. 



D. Spectral integral representations 



In Ref. 18 the following integral representations for the retarded vertex functions in 



momentum space were derived (in slightly different notation): 

p ( v -i f°° dflidth ( pi P1-P2 \ o \ 

T r [uji,U2, uj 3 ) = / n , . p; + ~ , (13a) 

2ir z J-00 UO2 ~ "2 + it \Wi — ill — it ^3 — ih ~ %e J 

F ( v -i f°° dQidQ 2 ( P2 P1-P2 \ /-, 01 \ 

T Ri {u u u 2 ,U2 l ) = — , : , 13b 

2ir z J-00 LUi — Hi + te — ih — it 0J3 — 1Z3 — iej 

r ( v -i f°° dttidtt 2 f Pi , P2 \ , 1Q v 

T Ro {uj u uJ2,uj 3 ) = — , - + p. ■ 13c 

2ir z J-00 ui 3 — H3 + te KiOi — Hi — ie lu 2 — ih — «e/ 

The spatial momenta ki, k 2 , k 3 =—(ki+k 2 ) are the same on both sides of these equations 

and have therefore been suppressed. The frequency arguments of the spectral functions 

under the integrals are pi = pi(&i, fl2, ^3), with Qi + Q 2 + ^3 = 0. In Appendix [A] we give 

a short derivation of these integral representations from which it follows that in momentum 

space 



pi = Im (T122 + r 2 u) , (14a) 
p 2 = Im (r 121 + r 212 ) . (14b) 



The spectral integral representations ( |T3"D differ from those given in Eqs. (31) of Ref. JT8" 
because they use different spectral densities. The spectral functions pi, p 2 used here are 



not simply related to p^, Pb of Ref. |Tj|]: while it follows from Eqs. ([14]) that p x and p 2 
are real in momentum space, pA and ps are instead real in coordinate space and satisfy a 
more complicated relation (Eq. (28) of Ref. ||18|| ) in momentum space. Still, both sets of 
spectral integral representations are correct; the one given here appears to simplify things 
in practice, however (see below). 

Similar spectral representations can be derived for the truncated (1-particle irreducible, 
1PI) vertex functions. The technical steps are given in Appendix [A 2| , together with the cor- 
responding generalizations to 1PI vertex functions for the relations derived in the preceding 
subsections. Here we only state the result: 

^ / \ i /*oo dQ 1 dQ 2 ( p'i p[ ~ P2 \ ,-> r ^ 

G R (u) x , u 2 , u 3 ) = — — — ■ — — £J + — ^— -^-r- , (15a) 



2tt 



-00 
00 



uj 2 - VL 2 + ie 






— ie CJ3 — ^3 — ie 


dQidQ 2 






p'i ~ P2 


uji — Vti + ie 




-n 2 


— ie U3 — ^3 — ie 


dQidfl 2 


f 


p'i 


. + p i 



G^K^wa) = -4 / — ^tt^ ( — £ — rr— ) • ( IV) 

27r z J-00 CJ3 — sZ 3 + «e V — \li ~ ie uj 2 — \ l 2 — ie 



with 



p\ = Im (G122 - Gan) , (16a) 
p 2 = Im(G 212 -G 2 i 2 ). (16b) 



These results should be compared with the expressions derived by Kobes in Ref. fl4 



which have a similar structure but use three somewhat differently defined spectral densities. 



III. 1-LOOP SPECTRAL DENSITIES FOR THE VERTEX IN dS THEORY 



In this Section we calculate the 1-loop contribution to the spectral functions p[, p 2 for 
the 1PI 3-point vertex in <p 3 theory. As interaction term in the Lagrangean we use |0 3 . 
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From Eqs. (|T6|) and (|A26|) we have 

p\ = Im (G 122 + e**G* m ) = Im G i22 • (IT) 

For p[ we thus must evaluate only the single Feynman diagram in Fig. 1 for a = 1, b = c = 2. 
Using standard real-time Feynman rules ]7||| one gets (in n space-time dimensions) 

G 122 (p,q,-p-q) = {-ig){igf j j^[iD 12 {s)][iD 22 {s + q)][iD 21 {s-p)}. (18) 

Inserting the thermal free propagators (Q), extracting the imaginary part, and performing 

the integration over s° with the help of the function 5(s 2 — m 2 ) = [S(so— E s )+5(sq+E s )]/2E s , 

where E s = \/m 2 + s 2 , one finds 

g3 

pi(p,q,-p-q) = -^-t{Mpi<i) + b (p,q)) , ( 19a ) 

A(p, q) = J (2 n )n-3 2~E~ Sgn ( Es + g °) sgn ( Es ~ Po) 

x 5((E S + g ) 2 - E 2 s+q ) 5((E S - p ) 2 - E 2 _ p ) 

x n{E s ) (| + n{E s + q )) (1 + n{E s - p )) , (19b) 
r d n_1 s 1 

B(P, Q) = J (2n) n - 3 2E~ Sgn< " Es ~ ^ sgn< " Es + Po "> 

x5((E s - g ) 2 - E 2 s+q ) 5{{E S + p ) 2 - E 2 _ p ) 

x (1 + n{E s )) (\ + n{E s - g )) n{E s + p ) . (19c) 



Here E s+q = ym 2 + (s + q) 2 , E s _ p = ym 2 + (s — p) 2 , and in (|19cj) we used the identity 
n(—x) = —(1 + n(x)). 

The integrands in Eqs. (|19|b,c) contain up to three powers of the thermal Bose distri- 
bution functions. Superficial power counting thus suggests severe infrared singularities in 
the massless limit. On the other hand, 1-loop integrals in the imaginary time formalism are 
always linear in the thermal distribution functions which arise from conversion of a single 
sum over discrete loop frequencies into a complex contour integral 0. This suggests that 
the infrared problems resulting from higher powers of the distribution functions in the real 
time formalism are spurious. In fact, it was already noted in Refs. P%|?3 that the cubic 
terms cancel from the retarded 3-point functions. Using the identity 



n(a) n(b) = n(a + b) (1 + n(a) + n{b)) 



(20) 



one can show that also the quadratic terms disappear, and that A and B reduce to 

£ f l - 1 s 1 

A(p,q) = n(po) 



(2vr)«"3 2 ^gn(^ + go)sgn(^- Po ) 

x + g ) 2 - El +q ) 8((E S - p ) 2 - El p ) 

\{n{E s - po) - n(E s )) + n(p + q )(n(E s - p ) - n(E s + g )) 

+n(q )(n(E s + g ) - n{E s )) 
d n ~ l s 1 



(21a) 



/as I 
( 27T )n-3 2E~ SgU ( Es ~ S S n (^ + Po) 



(2vr)"- 3 2£, 
x 5((E S - g ) 2 - El +q ) 5{{E S + p ) 2 - £ s %) 

|(n(£ s +p ) - + n(PD + q )(n(E a + p ) - n(E s - g )) 

+n(g )(n(E s - g ) - n(E s )) 



(21b) 



Note that the factor n(p ) in front of the integrals cancels the distribution function in 
the denominator of Eqs. (|ITD , ( |19a| ). The remaining integrands are linear in the thermal 
distribution functions n(E s ± . . .) and are infrared finite even in the massless limit |[24|| . 

To simplify the notation it is convenient to introduce the 4- vectors V± = (l, ijf - )- With 
their help we can rewrite the arguments of the 5-functions in ( fL9|) as 



(s + q) 2 
[s-pf 



*°=±E a 



s°=±E s 



m 2 + q 2 ± 2E S q-V±, 
m 2 +p 2 ^f 2E S p-V±. 



(22a) 
(22b) 



We will consider the theory in the weak coupling limit, j < 1. As shown in ||10|| , for 
n = 6 the theory becomes perturbatively unstable^] for temperatures above 

' 180 \ 1/4 m 



T 



(23) 



1 Stability problems for perturbation theory in massless cj) 3 theory were recently also discussed in 



the context of relativistic transport thery in Ref. [25]. 
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so for given T we must use massive propagators with a mass that satisfies m > y/gT. We 
will consider the case ^/gT <m<T and calculate the spectral density for the vertex for 
soft external momenta, q, p ~ m ~ yfgT <C T . 

For gauge theories it is known that in the limit of soft external momenta there is a "hard 
thermal loop" (HTL) contribution to the 3-gluon vertex which is of the same order in the 
coupling constant as the tree-level result and must therefore be resummed in a complete 
leading order calculation ||]. To see whether such a resummation is also required in scalar 
3 theory we first evaluate the functions A, B in the hard thermal loop approximation, by 
assuming that the loop integral in (|22"D is dominated by "hard" momenta s = \s\ ~ T 
@. For such momenta we can neglect the rest mass m, E s pa s, and the arguments of the 
(^-functions can be approximated according to 

( s + ?) 2 o_+ P ~±2E s q-V ± , (24a) 
(s-p) 2 *T2E sP -V±. (24b) 

S — it-C/s 

Setting further 

sgn(£ s ± p°) ss 1 ss sgn(£ s ± g°) , (25a) 
g- 14 » g ^ |g|cos0', (25b) 
p • 14 ~ p° =F |p| cos , (25c) 

where 0, 9' are the angles between s and p, q, respectively, the angular and radial integrations 
in (|2lD decouple @. We thus obtain 

A(p, q) + B(p, g)| HTL = n(p ) a(p , q ) u(p, q) , (26a) 

I roo r r / \ 

a(P0, Qo) = 2 n 7r n-3 / Q rfS ^ [I ( n ( 5 ~~ + + ~~ 2n («)J 

+n(q ) (n(s + g ) + n(s - g ) - 2n(s)J (26b) 
+n(p + go) (n(s + po) + "(s - Po) ~ n(s + q ) - n(s - q Q fj , 
u(p, q)= J dQ n ^ 5(q ■ V+) 5(p ■ 14) = J dQ n _, 6{q ■ V-) 5(p ■ V-) . (26c) 
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The angular integral ( |26cj ) is identical with the one found by Taylor JTTJ] for the spectral 
density of the 3-gluon vertex in hot QCD. For n = 6 space-time dimensions (for which the 
theory is renormalizable) the radial integral ( |26b| ) is easily evaluated with the help of 

f°° _ _ ( 1 

1(a) = ds s — h 

v ; Jo \e s+a -l 



f a . . , f°° xdx 7r 2 a 2 , . 



We find 



a(Po,qo) = -grT^G + n (Po + ?o)) +?o( ra (*) -n(q +p ))] . (28) 
For p , q <^ T this goes to 

a(Po, %) ~ -T^TlPoT ■ ( 29 ) 

For po ~ v^-^ ^ ^ ms ^ s mucri smaller than the leading T 2 -behaviour expected on 
dimensional grounds; this implies that the assumption that the loop integral is dominated 
by hard momenta s ~ T was wrong, and that in scalar <f) 3 theory there is no leading HTL 
contribution to the 3-point vertex, in contrast to the case of gauge theories. Braaten-Pisarski 
resummation for 3 theory can thus be performed with bare 3-point vertices. A similar result 
was obtained in Ref. [[2(|[^J f° r scalar QED. The existence of leading HTL contributions to 
vertices in QCD and fermionic QED can be traced back to the existence of Ward identities 
which connect vertex corrections with self energy corrections |]9| j27|j28[| . 

Before proceeding to a more accurate evaluation of the spectral density for vanishing 
spatial external momenta, let us shortly comment on the other spectral density which is 
obtained from 

p' 2 = ^ImG 212 . (30) 

n{qo) 

By inspection of the corresponding labelling of the diagram in Fig. 1 one observes that 
(j212(P) q, —p — q) is obtained from Gi22(p, q, ~P~q) by exchanging the legs with the external 
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momenta p and g and routing the internal momentum s in the opposite direction. This yields 
the identity 2 

hiPiV) = p[{q,p) • (31) 

For the HTL contributions to the corresponding loop integrals we thus obtain 

P? TL (P, q) = Po Putl (p, q) , (32a) 
P2 TL (P,l) = qoPuTL(p,q), (32b) 

phtl(p, q)^§r^J d ^> s (p- v +) s( q -v + ) ■ (32c) 

Up to a trivial external momentum factor the two spectral densities are thus equal to each 



other in the HTL limit. This agrees with the observation by Taylor [|Tl|] that in QCD in HTL 
approximation the two independent spectral densities for the 3-gluon vertex degenerate. 

The result fl29|) shows that the loop integral is not dominated by hard momenta of order 
T, contrary to the assumption under which the integral was evaluated. This means that the 
HTL result for the spectral density is not reliable as an order of magnitude estimate, not 
even for power counting in the coupling constant g. In general a better estimate is difficult 
to obtain because for small loop momenta the radial and angular integrations cannot be 
decoupled. Things simplify, however, for vanishing external spatial momenta, q = p = 0. 
In this limit we find 

d^s 1 . /E1 v /E1 ,5(2E S + g ) 5(2E S - p ) 



f a s 1 

A(po, g ) = n(po) J — sgn(E s + g ) sgn(£ s - p 



x \{n{E s -p ) - n(E s )) - n(p + q )(n(E s + g ) - n(E s - p )) 

+n(q )(n(E s + g ) - n(E s )) , (33a) 
d n ~ l s 1 , .5{2E s -q )5{2E s +p ) 



B{p , g ) = n(p ) J (27T)n S _ 3 sgn{E s - g ) sgn(£ s + p Q ) 



x 



(2n)^2E s ^" & — NM 

Un(E s + p ) - n(E s )) - n(p + q )(n(E s - q ) - n(E s + p )) 



2 Note that such an identity is not expected to hold for the 3-point vertex in Yukawa theory or in 
other theories where different types of fields are attached to the vertex. 
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+n(q )(n(E s - g ) - n{E s ))\ , (33b) 

Due to the 5-functions po and go must have the same magnitude and opposite sign, and 
A contributes only for po = —go > 2m while B contributes for po = —go < —2m. The 
angular integrations are now trivial, and the radial integration is easily performed using the 
(^-functions. The final result, to leading order in the small ratios Po/T, qo/T, is 



fl 3 („2 4^,2^3/2 

p'M, qo;P = q = 0)^-^- {Po 22 } T 2 9(p - 2m) - 0(-p o - 2m) 6(p + g ) . (34) 

LZ7T p q 

Using (|3l| ) one obtains for the other spectral density 

p f 2 (po,qo;p = 9 = o) = p[(qo,po; q = p = o) = -p[(po,qo;p = 9 = 0). (35) 

For p ~ g ~ y/gT power counting shows that these spectral densities are of order g 2 . 
Inserting them into the spectral representations (|T5|) and evaluating the latter via residue 
calculus it is easy to see |29[ that the retarded 1-loop 1PI vertex functions at zero external 
spatial momenta are of the same order, i.e. one order of g down relative to the tree-level 
vertex. This reconfirms the above conclusion that in scalar 0g theory no vertex resummation 
is necessary. Note that this conclusion depends crucially on the fact that the theory requires 
a (resummed) mass of order m ~ ^fg~T for perturbative stability. If we could take the limit 
m — >• and consider smaller external momenta of order p, q ~ gT, naive power counting 
would give a 1-loop result of order g, i.e. of the same order as the tree-level vertex. However, 



in this limit the theory is not well-defined [10,25 



IV. CONCLUSIONS 

In the CTP approach we have derived a set of useful relations among the eight thermal 
components of the 3-point vertex function many of which we have not previously seen in the 
literature in this form. They simplify formal manipulations in the real-time formulation of 
finite temperature field theory. With their help we have found an alternative derivation of 
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spectral representations, in terms of two independent spectral densities, for the various ther- 
mal components of the real-time 3-point vertex at finite temperature; they appear simpler 
than those given in the literature before. 

We then proceeded to an explicit evaluation of these two spectral densities for the 3-point 
vertex in hot 3 theory in 5+1 dimensions, in the 1-loop approximation for soft external 
momenta p,q ~ yfg T . This scale is set by the value of the (resummed) scalar mass m 
which is required to render the vacuum in 0g theory perturbatively stable. We found that, 
contrary to the case of the 3-gluon vertex in QCD, the loop integral for the spectral density 
for the scalar 3-point vertex is not dominated by hard momenta of order T, and the popular 
HTL approximation which decouples the radial and angular integrals produces an unreliable 
result. On the other hand, this means that even for soft external momenta the 1-loop vertex 
is of lower order than the tree-level contribution, and no vertex resummation is necessary 
in the Braaten-Pisarski high-temperature resummation scheme. An explicit evaluation of 
the 1-loop spectral densities for the 3-point vertex at vanishing external spatial momenta 
yields a result which is of order g 2 , one power of g (but not two powers of g as in naive 
perturbation theory) below the tree-level vertex. 

We also showed that the two independent spectral densities for the 3-point vertex in 3 
theory are very closely related by the simple symmetry relation (|31~D . At vanishing external 
spatial momenta they become, up to a sign, equal to each other. This should be compared 



with the finding of Taylor |Tl[ that in QCD in HTL approximation the two spectral densities 
for the 3-gluon vertex become identical. 
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APPENDIX A: DERIVATION OF SPECTRAL REPRESENTATIONS 

1. Connected three-point functions 

We start from the explicit expressions for the retarded connected 3-point vertex functions 
in 3 theory: 

= #23^31 ([[02, 03] j 4>l\) + 021013 ([[0 2 ,0i],0 3 ]>, (Ala) 
Tm = W2 3 ([[01,02],0 3 ]) +#13M[[01,03],02]> , (Alb) 
T Ro = #32M[[03,02],0l]> + ^31^12([[03,0l],02]) ■ (Ale) 

(i) We begin with r^ G . Inserting the identities 

#31 TiJo = = 9 32 ^Ro (A2) 



into 



1ft, = (021 + 012)1*0 (A3) 



one obtains 



Tro — 031012Fi? o + 03202ir_R o . (A4) 

Subtraction of the identities 

031012r_R = = 03202lFffi , (A5) 

which result from conflicting 0-functions, then gives 

TiJo = 032021 (r_R — T Ri ) + 031012 (T Ro — T R ) 

= 032021 (r221 + T112 — T2H — 1^122 ) + 031012 (r221 + rn2 — Ti21 — T212) • (A6) 
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With the help of Eqs. ( |10a|) and flTa]) this is transformed into 

Fr = 32 9 2 \ (^222 + Till — 1^211 ~ Tl22) + ^31^12(1^222 + Till — Tl21 — ^12) 

= 032021 (Tin + T 2 22 — 1^211 — 1^122) + ^31^12 (1^111 + 1^222 — Tl21 — 1^212) • (A7) 

Using also Eqs. (|TT|b,c) one finally gets 

Fr = o 32 o 2 i(Ti 22 + r 2 ii — (ri22 + r2n)) + #3i#i2(ri2i + r 2 i2 — (Em + r 2 i2)) • (A8) 

(ii) For Tr one proceeds similarly. One writes 

Tr = (031 + 13 )T R = 6 31 (6 23 T R ) + (A9) 
and subtracts the identities 

02i0nT Ro = = e 23 e 31 T m . (A10) 

This yields 

T/j = 02i0i3(ri2i + r 2 i2 — (rn2 + r 2 2i)) + 023031 (r 2 i2 + ri 2 i — (r 2 n + ri 2 2)) . (An) 

Using Eqs. ( |lUb| ) and (Oa,c) this is then transformed into 

Fr = 02i0i3(rn2 + r 2 2i — (r X i2 + r 2 2i)) + 023031 (r2n + t 122 — (r 2 n + r 12 2)) . (A12) 

(iii) Finally, is reexpressed by writing 

Tffi = (^23 + 032)T,Ri = 023(012Fffi) + 032(013^) (A13) 

and subtracting the identities 

0i202 3 r flo = = 6 13 6 32 Tr . (A14) 

This yields 

Tffi = 0i2032(ri22 + r 2 n — (rn2 + r 2 2i)) + 0i3032(ri22 + r 2 n — (r^i + r 2 i 2 )) ■ (Ai5) 
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Using Eqs. ( |10c| ) and (|TT|a,b) this is transformed into 

Tffi = #i2#23(rii2 + r 2 2i — (r X i2 + r 22 i)) + 0i 3 9 32 (Ti 2 i + r 2 i2 — (r m + r 2 i2)) • (Ai6) 

(iv) We can summarize these results in coordinate space as follows: 

T R = 9 21 13 p 3 + 6» 23 6»3ipi , (A17a) 

T Ri = e l2 e 23 p 3 + e 13 e 32 p 2 , (Ai7b) 

T Ro = #32#2lPl + #31#12P2 , (A17C) 

where 

Pi = + f 211 - (ri 22 + r 2 n) , (A18a) 

p 2 = f 121 + f 212 - (r m + r 212 ) , (Ai8b) 

P3 = f 112 + f 221 - (Tll2 + r 22 l) • (A18c) 

(v) In momentum space tilde conjugation reduces to complex conjugation (see Eqs. (0)), 
and the last three equations correspondingly reduce to 

p 1 = -2ilm (r 122 + T 211 ) , (A19a) 
p 2 = -2ilm (r 121 + r 212 ) , (Al9b) 
P3 = -22lm(r 112 + r 2 2i). (Al9c) 

Using the Fourier integral representation of the 9 function 

1 poo p—iQ(ti—tj) 

OiS = - T ~. dQ , (A20) 

2m J-oo il + ie 

it is then straightforward to derive the following spectral integral representations in momen- 
tum space: 

r ( x -i [°° dn x dn 2 /pi(fii,n 2 ,fi 3 ) p 3 (n u n 2 ,n 3 )\ 

T r (ui,uj 2 ,uj 3 ) = 7T^ / , . p: — H p — , (A21a) 



-oo 
oo 



uj 2 - Vt 2 + ie 




Qt - 


- ie 


+ 


uj 3 -£1 3 - 


- ie 


dQidQ 2 


( p2^1 




,n 3 ) 


+ 


p 3 (Q 1 ,Q 2 . 


Ms) 


uji — VLi + ie 


\uj 2 - 


CV 


- ie 


u 3 -tt 3 - 


- ie 


dQidfl 2 




j ^2- 


Ms) 


+ 


p 2 (Q 1 ,Q 2 . 


Ms) 



n / \ / Liu* 1,2 / f2V"l, "2, . /^3V"1,"2,"3; / AolU 

r ffi (^, u 2 , us) = — 2 I pp— - ( p, — + p, — ] , (A21b) 



T Ro [u u u 2 ,u z ) = — I pp-— p. — + p. — , (A21c) 

27r z J-oo uj 3 — il 3 + ie \ lo\ — Hi — it <jj 2 — il 2 — ie 
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where iO\ + uj 2 + ^3 = ^1 + ^2 + ^3 = 0, and we used the new notation pk = —Upk where 
(according to ( | A 1 9| ) ) the pk are real functions. The spatial momenta on both sides of the 
equations are equal. 

(vi) In Ref. |18| it was shown that only two of the spectral densities pi are independent. 
This is consistent with the results derived here after realizing, by again using Eqs. ( |T(J| ) and 
(0), that 

0i2023(pi - P2 + Ps) = , (A22a) 
021MP2 - Pi + AO = 0, (A22b) 

such that one may substitute p^ = p\ — p 2 in Tr and pz = p 2 — Pi in T^i (please note the 
opposite sign in the two cases!). This then yields Eqs. (|13D . 



2. 1PI three-point functions 

The 1PI or truncated vertex functions G a b c {ki, k 2 , ^3) are obtained from the connected 
vertex functions T a b c by truncating the three external propagators: 

G abc {ki, h, h) = ^-D^{k x )D^{k 2 )D^{k z )T alVd {k u k 2 , k 3 ) . (A23) 



i 3 ' 



They satisfy the identity 



2 

E Gabc = 0, (A24) 

o,fe,c=l 

and the three retarded 1PI vertices are given by [0,0 

Gr = Gm + G*n2 + G211 + G212 , (A25a) 
Gm = Gin + G112 + G121 + G122 , (A25b) 
G Ro = Gin + G121 + G 2U + G221 • (A25c) 

These relations differ from (||) and (0) only by sign factors (— i) a + b + c ~ 3 . i n momentum 
space we have instead of (|7|) |2IJ 
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Gmih, fa, fa) = -Gl n (h, fa, fa) = G 222 (fa, fa, fa) , (A26a) 

G 121 (fa, fa, fa) = -G* 121 {fa, fa, fa) = G 212 (fa, fa, fa) , (A26b) 

G 2 n(ki, fa, fa) = -G* 211 (fa, fa, fa) = e^ 1 G l22 {fa, fa, fa) , (A26c) 

Gn2(fa, fa, fa) = -G* n2 (fa, fa, fa) = e^ 3 G 221 (fa, fa, fa) , (A26d) 

where "tilde conjugation" is defined in the same way as for the connected vertex. 

From identities like 9 32 9 2 i {Gr + Gri) = involving conflicting ^-functions one can derive 



largest and smallest time equations for the 1PI vertices similar to those derived in Sec. [II B 
for the connected vertices. One finds that the sign factor (_i) a + 6 + c - 3 simply carries over, 
changing all relative minus signs in Eqs. (|9|)-(|TT|) into plus signs. For example, Eq. ([)]) turns 
into 

032MGiii + Gn 2 ) = O. (A27) 



one 



By following the same procedure as for the connected functions in Appendix [A 1 
obtains for the truncated functions the following relations in coordinate space: 

G R = 9 21 9 13 p 3 + 9 23 9 31 p[ , (A28a) 

G Ri = 9 12 9 23 p' 3 + 013032^ , (A28b) 

G Ro = 9 32 9 21 p[ + 9 31 9 12 p' 2 , (A28c) 

where 

Pi = G 2 n — G\ 22 + G 2 u — G\ 22 , (A29a) 

P 2 — G\ 2 i — G 2 \ 2 + G\ 2 \ — G 2 \ 2 , (A29b) 

p' 3 = G U 2 - G 221 + G U 2 - G 221 . (A29c) 

In momentum space, by making use of Eqs. (|A26|) , the last three equations reduce to 



A = 


-2ilm (Gm- 


G 2 n) , 


P2 = 


-2i Im (G212 - 


G 2 \ 2 ) , 


Ps = 


-2i Im (G221 - 


G 22 i) . 
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(A30a) 
(A30b) 
(A30c) 



Using further Eq. ( |A24|) , the largest and smallest time equations, and Eqs. ( |A26|) for the 
truncated functions one shows that 



e 12 9 23 (p' 1 -p' 2 + p > 3 ) = 0, (A31a) 
+ = 0. (A31b) 



Inserting these into Eqs. ( A28 ) and transforming to momentum space one obtains the spec- 



tral integrals for the truncated vertex functions given in Eqs. (0). Please note that, up to 
the different definition of the spectral densities, they are formally identical with the spectral 
representations (|l^) for the corresponding connected vertex functions. 

APPENDIX B: SYMMETRIES OF THE THREE-POINT SPECTRAL DENSITIES 



In addition to Eq. (|3"T|), which holds only for 3-point vertices with three identical external 
legs, there are some useful other symmetries for the 3-point spectral densities. Inserting the 
propagators (|J) into ( |l8|) and using twice the relation ( P0|) one obtains, without any further 
manipulations, the expression 



/d n s 
— — — sgn(s ) sgn(s + q ) sgn(s - p ) 



d n s 
(2n) n - 

x 5(s 2 - m 2 ) 5((s + q) 2 - m 2 ) 5({s - p) 2 - m 2 ) 



x 



\ (n(s ) -n(s - p )) + n(q ) (n(s ) - n(s + q )^ 
+n(p + g ) (n(s + 9o) - ^(^o - Poj)] ■ (Bl) 

By reversing the sign of the spatial integration variable, s 1— > — s, one immediately reads off 

p'i(po,p; Qo, q) = p'lipo, -p; qo, -q) ■ (B2) 

With the additional help of the identity n(—x) = —(1 + n(x)) one shows similarly that 

p'i(-p,-q) = -p'i(p,q)- (B3) 

The combination of these two identities gives 
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Pi(-Po,p;-qa,q) = -pi(po,P; 9o,g) , (B4) 

i.e. the spectral density is odd under simultaneous sign change of both frequencies. This 
generalizes a similar condition for the spectral density for the single-particle propagator. 
The above symmetry relations are consistent with Eqs. (4) and (5) in Ref. [fJ|] . 
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